We study ground states and excitations of light octet and decuplet baryons within the framework of Dyson-Schwinger and Faddeev equations. We improve upon similar approaches by explicitly taking into account the momentum-dependent dynamics of the quark-gluon interaction that leads to dynamical chiral symmetry breaking. We perform calculations in both the three-body Faddeev framework and the quark-diquark approximation in order to assess the impact of the latter on the spectrum. Our results indicate that both approaches agree well with each other. The resulting spectra furthermore agree one-to-one with experiment, provided well-known deficiencies of the rainbow-ladder approximation are compensated for. We also discuss the mass evolution of the Roper and the excited ∆ with varying pion mass and analyse the internal structure in terms of their partial wave decompositions.
I. INTRODUCTION
Understanding the baryon excitation spectrum of QCD is one of the key elements in unravelling the structure of the strong interaction. In the past years, significant experimental progress has been made by the analysis of data from photo-and electroproduction experiments at JLAB, ELSA and MAMI [1] [2] [3] . As a result, a number of new radial and orbital excitations of the ground state octet baryons have been added to the PDG [4] .
Despite this progress, there are still longstanding issues with the baryon spectrum that are not well understood. One of these is the prediction of many excited states by the quark model which, however, have not been observed yet. This 'missing resonances' problem has been debated at length in the literature but remains an open issue. One of the proposed solutions has been a quarkdiquark picture of baryons, with a strongly bound and therefore hard to excite diquark that prevents the appearance of many states present in the constituent threequark model, see [5, 6] for reviews. In practice, it may be hard to reconcile such strongly bound diquarks with the underlying QCD forces and it is a non-trivial question whether baryons made of loosely correlated diquarks with non-trivial internal structure can be distinguished in their spectrum from genuine three-body states. This is one of the topics of this work. Another longstanding issue is the level ordering between the first radially excited state in the I(J P ) = 
+ ) sector (the Roper resonance [7] ) and the ground state in the orbitally excited channel I(J P ) = whereas quark model calculations typically favour the 'natural' ordering of a lower 1 2 − state [8] [9] [10] [11] , the mea- * gernot.eichmann@physik.uni-giessen.de † christian.fischer@physik.uni-giessen.de ‡ helios.sanchis-alepuz@uni-graz.at sured mass of the Roper is much lower than the quark model prediction and the level ordering reversed. Thus it was conjectured that the inner structure of the Roper may be more complicated than that of a 'simple' radial excitation. Further indications in this direction may be inferred from its large decay width and the large branching fractions in the πN and σN decay channels.
An interesting possibility connected with the latter observation has been discussed in [12] : a radial excitation of the nucleon with an initial (or 'bare') mass much larger than the experimental one may receive large corrections from coupled channel effects in the πN , ππN and ηN channels. The resulting mass of the Roper resonance observed in the data is then substantially lowered and may be pushed below the one of the negative parity ground state. In this picture the internal structure and the properties of the resulting dressed state may be very different than those of the initial bare state. In fact, the reaction dynamics may even be strong enough to generate the Roper purely dynamically without a bare seed, as demonstrated in [13] [14] [15] .
Additional insight into the nature of the Roper may be gained from lattice QCD. However, excited states in general pose a challenge for the lattice as the extraction of their masses from Euclidean correlators is an intricate statistical problem. The computational cost involved in unquenched simulations of excited states often necessitates the use of unphysically heavy light quark masses. In addition, the spectrum is complicated by the appearance of discrete multi-particle scattering states generated by the finite volume on the lattice. As a consequence, contemporary lattice data from several groups on the mass evolution of the first radial excitation of the nucleon seem to differ both quantitatively and qualitatively [16] [17] [18] [19] [20] [21] [22] .
In the framework of Dyson-Schwinger, Bethe-Salpeter and Faddeev equations (see [23] [24] [25] [26] [27] for reviews) the properties of the Roper resonance have been analysed so far on two levels of sophistication [28] [29] [30] [31] . Both of these approaches convert the three-body system into a two-body quark-diquark picture assuming strong quark-quark correlations inside baryons. In addition, one of them [28] [29] [30] employs an NJL-type, momentum-independent vectorvector interaction between the quarks which leads to momentum-independent wave functions for the diquark constituents and the resulting baryons, thereby neglecting parts of the underlying QCD dynamics. In a recent second study [31] momentum-dependent model ansätze for the quark propagator and the diquark wave functions were employed to study their impact on the properties of the nucleon's excitations. While both approaches agree in their general conclusions, they differ considerably in their description of the internal properties of the Roper resonance.
In this work we improve upon the situation in two respects. First, we use a well-established momentumdependent effective quark-gluon interaction as a starting point and determine all propagators and wave functions self-consistently from their Dyson-Schwinger and BetheSalpeter equations (DSEs and BSEs). This procedure serves to eliminate unwanted freedom in modelling and takes care of the preservation of chiral symmetry via the axial Ward-Takahashi identity. Second, we do not rely on the quark-diquark approximation. Instead, we provide first solutions for the excited state spectrum of the threebody Faddeev equation. In parallel, we also solve the bound-state equation for baryons in the quark-diquark system using the same underlying interaction. We are therefore in a position to systematically compare the results in both approaches and assess their qualitative and quantitative differences. We apply this formalism to nucleon and ∆ baryons with quantum numbers J P = 1/2 ± and 3/2 ± and discuss implications for the interpretation of the experimental spectrum.
This work is organized as follows. In the next section we discuss the details of the three-body Faddeev approach to baryons and the quark-diquark BSE and we specify the quark-gluon interaction used in this work. We present and discuss our results in Sec. III and conclude in Sec. IV.
II. THREE-BODY FADDEEV EQUATIONS VS. QUARK-DIQUARK APPROXIMATION
In functional frameworks the masses and wave functions of baryons are extracted from their gauge-invariant poles in the (gauge-dependent) quark six-point Green function. There is an intimate relation to the corresponding procedure in lattice QCD, see Ref. [27] for detailed explanations. As a result, one arrives at the covariant three-body Faddeev equation in Fig. 1 which is an exact equation in QCD. It determines the baryon's three-quark Faddeev amplitude from the irreducible twoand three-body interactions between the dressed valence quarks. It is also much more complicated than the analogous two-body equations for mesons, partially due to the structure of the baryon amplitude which depends on three independent momenta and many more tensor structures than the meson case. Sophisticated methods based on permutation-group symmetries have been developed to deal with the complexity of this equation, see Refs. [32, 33] for state-of-the-art solution techniques.
The structure of the baryon Faddeev amplitudes is discussed in Ref. [27, 32, 34, 35] and shall not be explicitly repeated here for brevity. For later use we just state that the 64 different tensor structures representing a J = 1/2 baryon can be grouped into eight s-wave components, 36 p waves and 20 d waves. Analogously, the 128 tensor structures of a J = 3/2 Faddeev amplitude comprise four s waves, 36 p waves, 60 d waves and 28 f waves. The multiplicity of these components is certainly not in one-to-one relation with their relative importance in the baryon's amplitude; we come back to this issue in the results section below.
The Faddeev equation in Fig. 1 contains irreducible three-body forces in the last diagram on the r.h.s. whose influence on the spectrum has not yet been fully explored. However, from a diagrammatic viewpoint it seems plausible that they only play a minor role. The leading diagram in a skeleton expansion is one with a dressed threegluon-vertex with gluon propagators attached to each of the three quarks. It has been shown, however, that this contribution vanishes trivially due to the colour algebra, with the leading non-trivial terms identified and explored in [36] . Therefore it seems not unreasonable to neglect irreducible three-body forces altogether and evaluate the three-body problem with two-body interactions only. This is the strategy followed so far in Refs. [32, 34, 35, [37] [38] [39] [40] [41] [42] and we will also adopt it in this work. As will become apparent in Sec. III, our results will justify this approximation a posteriori. The Faddeev equation then takes the form
where the Faddeev components Γ i correspond to the three individual diagrams in Fig. 1 . The K i are the two-body kernels and G 0 refers to the product of two quark propagators. Eq. (1) constitutes the first of the two frameworks that we employ below to calculate the baryon spectrum. The second is the quark-diquark approach, which is motivated by the assumed smallness of irreducible threebody contributions. We can eliminate the two-body kernels in Eq. (1) in favor of the two-body T-matrices T i , which are related to each other via Dyson's equation:
Applying this to the Faddeev equation gives
with {i, j, k} an even permutation of {1, 2, 3}. The resulting equation is shown in the upper left panel of Fig. 2 ; so far no further approximation has been made. However, its structure motivates to expand the quark-quark scattering matrix that appears therein in terms of separable diquark correlations. The sum of diquarks is then dominated by those with smallest mass scales, namely, scalar and axialvector diquarks in the positive parity sector as well as pseudoscalar and vector diquarks with negative parity. In our calculations below we take all of these into account. The quark-quark scattering matrix then reads :
Here, Γ [43] [44] [45] , which are illustrated in the upper right panel of Fig. 2 :
and the quark-diquark kernel is given by
Here, P is the baryon's total momentum, p is the quarkdiquark relative momentum and the remaining momenta can be inferred from the figure (see Sec. 5.2 in [46] for details). The dressed quark propagator is denoted by S(q) and 'T' is a matrix transpose. In this picture the baryon is bound by quark exchange between the quark and the diquark [43, 47, 48] . This, however, does not mean that gluons have been eliminated from the problem: they still appear explicitly in the DSE for the quark propagator, the BSEs for the diquark Bethe-Salpeter amplitudes Γ D , and in the equations for the diquark propagators which are all displayed in the bottom panel of Fig. 2 . The diquark BSEs read
and contain the same two-body interaction kernel K as the three-body Faddeev equation. Although diquarks are not observable because they carry colour, the rainbow-ladder truncation does generate diquark poles in the two-quark scattering matrix which justifies the approximation (4) and allows one to compute diquark properties in close analogy to those of mesons from their BSEs (7) . In a simpler model it has been shown that the addition of crossed ladder exchange removes the diquark poles from the spectrum [49] , but it was recently argued that an effective resummation of such diagrams can also bring them back again [50] . In any case, diquark correlations may well persist in one form or another simply due to the colour attraction: it is conceivable that thescattering matrix has some complicated singularity structure that allows one to identify diquark mass scales, and in that sense Eq. (4) will remain a reasonable ansatz.
The quark-diquark equation is a considerable simplification, both in terms of kinematic variables and tensor structures. In turn, much of the complexity is now distributed among the underlying equations which we solve beforehand as described in Refs. [46, [51] [52] [53] : the (scalar, axialvector, pseudoscalar, vector) diquark amplitudes for complex relative momenta including the full set of tensor structures, and the respective diquark propagators for complex total momenta. In any case, the rather mild assumptions required to derive the quark-diquark BSE suggest that it may still capture the essential dynamics of the three-body system, which will be one of the issues that we explore in this work.
The common underlying dynamics of the three-quark and quark-diquark equations is encoded in the two-body scattering kernel K and, related, the quark-gluon interaction. The latter also appears in the quark DSE which determines the fully dressed quark propagator S(p). The quark self-energy is related to the two-body scattering kernel K via the axialvector Ward-Takahashi identity which ensures chiral symmetry and, in combination with its correct dynamical breaking pattern, the Goldstoneboson nature of the pseudoscalar meson octet. A frequently used approximation that satisfies this identity is the rainbow-ladder truncation which we also use in this work. Its basic idea is to approximate all effects of the quark-gluon vertex by its primal tensor structure γ µ dressed with a function that depends on the gluon momentum only. This function is then combined with the dressing function of the gluon propagator into a socalled effective coupling. In the large momentum regime this quantity is well-known from resummed perturbation theory whereas in the infrared it is modelled. A detailed discussion of rainbow-ladder and other approximation strategies for the DSE/BSE system can be found in Ref. [27] .
One of the more frequently used effective interactions is that of Maris and Tandy [54] :
The UV term with parameters Λ t = 1 GeV, Λ QCD = 0.234 GeV, and γ m = 12/25 for four active quark flavours ensures the correct perturbative running but is otherwise not essential; one could neglect it without causing serious damage in the spectrum of the light-quark sector [55] . The nonperturbative physics is encoded in the first term, which is characterised by two parameters 1 : an infrared scale Λ and a dimensionless parameter η. Since the scale Λ = 0.72 GeV together with the renormalized quark masses m u/d (19 GeV) = 3.7 MeV are fixed to experimental input (namely the pion decay constant f π and the pion mass), only one free parameter η remains to which many observables are insensitive within the range 1.6 < η < 2.0. We discuss this point further in Sec. III.
In the following we will use Eq. (8) both in the threebody and quark-diquark BSEs in order to systematically compare the results of the two frameworks using the same underlying basis. In both cases one first solves the DSE for the quark propagator, thus determining the quark dressing functions in the complex momentum plane. In the three-body framework one then directly proceeds to the three-body Faddeev equation, where the kernel K is a gluon exchange diagram dressed with the effective interaction (8) . In the quark-diquark framework one has to make a detour by first determining the masses, BetheSalpeter amplitudes and propagators of the diquarks using their BSEs with the same two-body kernel K. The resulting diquark amplitudes and propagators together with the quark propagators then serve as input for the quark-diquark BSE for baryons.
In order to solve Bethe-Salpeter equations, they are treated as eigenvalue problems. One uses the baryon mass as an external parameter and solves for the eigenvalues of the BSE matrix. If, for a certain baryon mass, one of the eigenvalues equals unity the corresponding eigenvector gives the Bethe-Salpeter amplitude. In order to extract the spectrum of excited states in the threebody Faddeev framework we use an implementation of the Arnoldi algorithm [56] . Like all Krylov subspace methods, the Arnoldi algorithm allows one to find only a small number of eigenvalues of large matrices, selected by a certain criterion. The computational cost increases proportionally to the number of eigenvalues sought. Unfortunately, we found that numerical artifacts (such as the discretisation of integrals) results in the appearance of spurious complex conjugated pairs of eigenvalues which make the search for real eigenvalues extremely costly.
For the quark-diquark approach it turns out that a QR decomposition is possible due to the drastically reduced structure of the baryon wave functions. This enables one to store the kernel matrix as a whole and extract all eigenvalues at once, thereby giving access to higher excited states without the large numerical effort needed for the Arnoldi algorithm in the three-body system. We are thus in a position to present a much more complete spectrum for this case.
III. RESULTS

A. Rainbow-ladder
Before we embark on our discussion we would first like to make clear what we can expect from the rainbowladder approximation. To this end it is useful to recapitulate what has been found in the meson sector of QCD. In the following we summarise a discussion presented in more detail in the review [27] .
It has been argued within Coulomb-gauge QCD that rainbow-ladder is especially good in the heavy quark region where, in fact, it becomes exact in the limit of very heavy quarks [57] . It seems reasonable to expect a similar simplification in Landau gauge used in this work. Comparing rainbow-ladder results in the heavy quark regime [58] [59] [60] with those in the light quark sector [55, 61, 62] supports this notion. In the heavy quark regime one finds an overall reasonable agreement of the rainbow-ladder results with the experimentally measured bound states beyond the DD thresholds. The agreement is especially good for the pseudoscalar and vector mesons including their ground states and radial excitations. In the quark model these are the 's wave' states with vanishing orbital angular momentum. Of the remaining states, the scalars and axialvectors show the largest discrepancies [61] .
In the light meson sector the spin-dependent parts of the quark-antiquark interaction kernel become even more important and the deficiencies of the (vector-vector) rainbow-ladder interaction become apparent. Whereas the light pseudoscalar (non-singlet) mesons, governed by dynamical chiral symmetry breaking, are automatically reproduced in the symmetry-preserving rainbow-ladder scheme, also the vector mesons are in good agreement with experiment [54] . However, large deviations occur for scalar and axialvector states (the 'p waves' in the quark model), which are only remedied in much more intricate truncations [63, 64] . In the language of the quark potential models (strictly valid only in the heavy quark region) evidence suggests that rainbow-ladder calculations roughly reproduce the size of the spin-spin contact part of the potential and the spin-orbit part, but materially overestimates the binding in the tensor part of the spinspin interaction.
For baryons this has interesting consequences. In the quark-model language also the ground-state octet and decuplet baryons -in our case, the N (1/2 + ) and ∆(3/2 + ) -are quark-model s waves and therefore we may expect rainbow-ladder to provide a reliable framework for the nucleon, the ∆ and their excitations. Other spinparity channels, however, may be significantly affected by rainbow-ladder deficiencies and we expect masses that are too small, similar to the meson case.
Let us first discuss the N (1/2 + ) and ∆(3/2 + ) channels. For the ground states, results in the three-body framework [32, 34, 35] and the quark-diquark approach [51] [52] [53] have been found in very good agreement with experiment. Also the mass evolutions with varying current quark mass or, correspondingly, varying pion mass have been discussed already and compare well with results from lattice QCD. The new element in our present work is that we are now in a position to also add the respective excited states. In the three-body framework we find the masses m N * = 1.45(5) GeV , m ∆ * = 1.49(6) GeV (9) at the physical point. The first is close to the experimental N (1440), the Roper, and the second agrees with the lower edge of the range of PDG values for the ∆(1600) [4] . The systematic errors correspond to the range 1.6 ≤ η ≤ 2.0 for the width parameter in the effective interaction (8) . We verified that these states are indeed the first radial excitations by inspection of their Faddeev amplitudes, which display a node when plotted over one of the relative momenta between the three quarks.
Due to the tremendous amount of CPU time involved in extracting excited states in the three-body framework we are only able to give the first radial excitation in these channels. By contrast, in the quark-diquark approach the complexity of the Faddeev amplitudes is considerably smaller and enables us to calculate the full spectrum below ∼ 2 GeV. Here we extend the setup in Refs. [46, 51] by implementing not only scalar and axialvector diquarks but also the pseudoscalar and vector diquarks with I(J P ) = 0(0 − ) and 1(1 − ), respectively, as they turn out to be quantitatively important for several states [65] . The resulting masses are
where the errors refer to the same η variation as described above. Although the η dependence for these two states is considerably larger than in the three-body case, both masses are still compatible with the PDG range. As expected, in the remaining spin-parity channels we find masses that are significantly smaller than experiment. In Fig. 3 we compare the rainbow-ladder results to the PDG values. The parity partner of the nucleon is underestimated by 20%, leading to the wrong level ordering between the Roper and the N (1535). This is true both in the three-body and the quark-diquark approach; note in particular that the three states (nucleon, Roper and parity partner) agree very well in the two frameworks. In the nucleon channels with J P = 3/2 ± the situation is a little better but still not good; here we only have the quark-diquark results at our disposal because we were not able to extract corresponding states from the three-body equation. A similar pattern can also be observed in the ∆ sector, although the spread between the three-quark and quark-diquark results is somewhat larger. For the ground and excited states with J P = 3/2 + we find again agreement with experiment, whereas the parity partners and the states with J P = 1/2 ± are clearly off. The situation is not improved by varying the only parameter in the system: within the range of 1.6 ≤ η ≤ 2. we find the variations for the Roper and the excited ∆ quoted above, whereas all ground states but also the excited states in the other channels are less sensitive. The nucleon and ∆ ground states hardly move at all with η and the typical variations for the remaining states are of the order of ∼ 50 MeV. There are a couple of important conclusions that can be drawn from these findings. First, both approaches essentially agree with each other, especially in the nucleon channels and to a lesser extent also in the ∆ channels, which justifies the separable diquark approximation for the quark-quark interactions inside baryons. The agreement with the experimental data in the 'good' nucleon (J P = 1/2 + ) and ∆ channels (J P = 3/2 + ) furthermore indicates that the omitted irreducible three-body forces indeed only play a minor role for the formation of baryon bound states at least for these cases. Secondly, however, the disagreement in the 'bad' channels (all the others) between our results and the experimental values confirms that parts of the interaction between the quarks are misrepresented in the rainbow-ladder truncation underlying both frameworks. In the three-body approach this can be attributed to the vector-vector character of the effective gluon exchange, which misrepresents some of the spin-dependent parts of the interaction as discussed in the beginning of this section.
B. A glimpse beyond rainbow-ladder
To better understand the deficiencies of the rainbowladder approximation, it is worthwhile to take a closer look at the underlying quark-diquark structure as it provides a link between the meson and baryon spectra. After working out the Dirac, color and flavor structure the rainbow-ladder diquark BSEs (7) become identical to their meson counterparts except for a factor 1 /2 -diquarks are 'less bound' than mesons. This entails that pseudoscalar, vector, scalar and axialvector mesons will exhibit similar features as their respective scalar, axialvector, pseudoscalar and vector diquark partners. Pseudoscalar and vector meson properties are well reproduced in rainbow-ladder and thus the same can be said for scalar and axialvector diquarks and the baryons made of them; hence these represent the 'good' channels. On the other hand, the deficiencies of rainbow-ladder in the ('bad') scalar and axialvector meson channels will translate into similar problems for pseudoscalar and vector diquarks. Indeed, the typical mass scales obtained with rainbow-ladder calculations are about 800 MeV for scalar diquarks and 1 GeV for axialvector diquarks, whereas pseudoscalar and vector diquarks are only slightly heavier: about 1 GeV for pseudoscalar and 1.1 GeV for vector diquarks [65, 66] . (The diquark masses also strongly depend on the η parameter in contrast to the ρ meson, cf. Fig. 4 .) Hence, states with significant pseudoscalar and vector diquark content, such as the parity partners of the nucleon and the ∆ [65] , are expected to suffer from too strong binding.
To remedy this problem, we follow the idea employed in Refs. [28, 30] in the context of the NJL-like contactinteraction model: we adjust the interaction strength in the 'bad' meson and diquark channels by a common constant factor 0 ≤ c ≤ 1 that multiplies the interaction (8) . This increases the corresponding diquark masses and consequently decreases their influence in the quark-quark interaction. Thus, dialling c allows one to moderate the binding effects in the quark-diquark BSE to the correct magnitude and thereby mimic beyond rainbow-ladder effects. We gauge this factor in the meson sector by adjusting to the splitting of the vector/axialvector parity partners, leaving the mass of the ρ meson unchanged but increasing the masses of the a 1 and b 1 ; the corresponding value is c ≈ 0.35 (see Fig. 4 ).
This provides us with the following perspective: scalar and axialvector diquarks contribute the underlying basis in all baryon channels (for the ∆ baryons only axialvector diquarks participate due to isospin combinatorics); but except for the N (1/2 + ) and ∆(3/2 + ) these baryons are additionally 'contaminated' by pseudoscalar and vector diquarks which are bound too strongly in rainbow-ladder. We demonstrate this explicitly in the appendix by considering a setup with all four diquarks included (c = 1) and one where we omit the pseudoscalar and vector diquarks (c = 0). The 'bad' diquarks almost have no impact on the 'good' baryon channels whereas they substantially influence the masses in the other channels, which leads to the unrealistically light baryon masses in Fig. 3 . This can also reconcile the contact-interaction studies of Refs. [28, 30] , where negative-parity baryon spectra were calculated using pseudoscalar and vector diquarks only, with quantum-mechanical diquark models [67, 68] using scalar and axialvector diquarks only. As we will see, one has to aim for a middle ground.
The resulting spectrum for c = 0.35 is shown in Fig. 5 . We find a drastic improvement in the problematic channels, with hardly any changes in those that have been good before. The overall spectrum is now in very good agreement with experiment, with a one-to-one correspondence of the number of observed to calculated states in all cases and discrepancies below the 3% level. Considering that there are only three relevant parameters involved, the scale Λ fixed via f π , the factor c fixed by the ρ − a 1 splitting, and the parameter η with only a small influence on the spectrum, the overall agreement is remarkable.
As an example, the level ordering between the Roper and the N (1535) is now correct -the latter had been polluted by the pseudoscalar and vector diquarks whereas the former was not. Also the first radial excitation in the N (3/2 + ) channel nicely agrees with the experimental N (1900), which is a state that traditionally did not emerge from quark-diquark potential models [69] .
Our findings are also interesting in view of the fact that the resulting baryons are still bound states without hadronic decay widths. Ultimately the meson-baryon dynamics (which are beyond rainbow-ladder effects) will shift their poles into the complex plane and produce thresholds. It is often assumed that this comes in combination with large attractive mass shifts or even a dynamical generation of resonances. From our point of view two statements can be made in this respect:
(i) Beyond rainbow-ladder effects can compete nontrivially and they also affect f π . Because we fixed the scale Λ to reproduce the experimental pion decay constant, those contributions that affect the masses and f π by the same amount would drop out from our plots and only the net effects remain visible, such as for example chiral non-analyticities. To this end, elastic and transition form factors should provide much better signatures for 'meson-cloud effects' because they are not affected by the scale setting.
(ii) Although rainbow-ladder generates bound states, one can still calculate decay widths from their transition currents: for example, the ∆ → N π decay is the residue of the pseudoscalar N → ∆ transition form factor at the pion pole (Q 2 = −m 2 π ), and existing calculations yield quite reasonable values for such decays [27, 77] . Ultimately, these decay mechanisms would have to be backfed into the baryon bound-state equations and this is what would shift their T-matrix poles into the complex plane and thereby generate the desired widths. However, it would mainly represent a 'correction' that comes on top of dynamically generating baryons as three-quark systems in the first place. Our results then suggest that the quark-gluon dynamics are indeed sufficient to produce all observed levels below 2 GeV, whereas coupledchannel interactions would have comparatively mild effects that leave the real parts of the masses essentially unchanged (or, alternatively, affect them all by a similar percentage together with f π ).
Unfortunately, in the three-body framework a simple change of the interaction that is selective between 'good' and 'bad' contributions is not possible. Explicit diquark degrees of freedom no longer appear therein because the equation implicitly sums over all diquarks. Thus, in order to achieve similar results one would truly need to In the left plot they are compared with lattice data for the nucleon and its first excitation [16-18, 21, 70-72] . In the right plot, only lattice data for the ∆ ground state are shown; data for the excited ∆ give values too high to be visible in the plot [73] [74] [75] [76] .
go beyond the rainbow-ladder approximation. First such calculations are available for ground-state nucleon and ∆ masses in the three-body framework [42] , although the technical and numerical effort to solve the corresponding Faddeev equations is substantial. A convenient gauge of the quality of such truncations is of course already the meson spectrum because scalar and axialvector mesons need to acquire a larger mass. A systematic truncation based on the 3PI formalism that generates this effect has been discussed recently in [64] . Making it available also in the three-body framework is a major task that is left for the future. In any case, our analysis shows that the N (1/2 + ) and ∆(3/2 + ) as well as their first radial excitations are insensitive to the addition or removal of pseudoscalar and vector diquarks. Our line of arguments then suggests that they should also be stable when going beyond rainbowladder, and hence their rainbow-ladder results can be considered reliable.
C. Current-mass evolution
Returning to the three-body equation, we show in Fig. 6 the evolution of the calculated ground and first excited states of the nucleon and ∆ with the squared pion mass and compare them with lattice QCD results. The shaded bands reflect the variation of our results with the parameter 1.6 ≤ η ≤ 2.0. Whereas the ground states are almost independent of η, the excited states show a larger variation which is similar to observations made in the meson spectrum, see e.g. [60, 61] . Below a pion mass of about m is in agreement with chiral perturbation theory in the region where the chiral expansion can be safely applied, see e.g. [78] and references therein, and with the linear behaviour seen in lattice QCD for larger pion masses. Whereas the lattice data on the mass evolution of the nucleon nicely agree with each other, the situation for the Roper is somewhat different and the results are much more scattered. We find that, within error bars, our results agree very well with those from the χQCD group [21] . On the other hand, it has been recently argued [79] that the differences of the Roper mass evolution results from the JLab HSC [17] , CSSM [16, 70] and Cyprus groups [18, 71] visible in the plot can be accounted for and brought to consensus with each other, and that this consensus deviates from the χQCD result. In general it seems fair to state that there may not be an overall agreement in the lattice community concerning the status of the Roper and it will be very interesting to see how this issue will be clarified in the future. In the ∆ channel the situation is even less clear. While for the ground state reasonable agreement may be claimed between our results and the lattice evolution, the existing lattice data for the excited state gives values too high to be visible in our plot. This situation needs to be resolved.
It is also interesting to study the internal structure of the radially excited states. As discussed above, the ten-sor structures for the nucleon and the ∆ can be grouped in s, p, d, and f waves and their relative importance can be assessed by their relative weight in the normalisation procedure of the Faddeev amplitudes. Our results are shown in Table I . Whereas the ground-state nucleon and ∆ are dominated by s-wave components accompanied by sizeable p-wave contributions, the excited states have a different internal structure. The Roper is dominated by p-wave components and even the d waves are stronger than the s-wave contribution. For the excited ∆ baryon it is even the d waves that dominate and sizeable f -wave contributions are stronger than the s waves. It will be very interesting to probe these different internal structures in elastic and transition form factor calculations, which will be the subject of future work.
IV. CONCLUSIONS
We have presented and discussed first results for the ground and excited states of the light baryon spectrum in a Dyson-Schwinger/Bethe-Salpeter/Faddeev framework based on a momentum-dependent rainbow-ladder truncation. Using the same underlying effective quark-gluon coupling, we systematically compared results for the three-body and the quark-diquark framework. Due to restrictions in terms of numerical complexity a full spectrum of excited states in all channels could only be obtained in the latter, whereas in the three-body framework we were restricted to the Roper and the ∆(1600).
Our results can be summarised as follows. First, for those ground and excited states that are numerically accessible in both frameworks we found reasonable to good agreement between the approaches. Second, the quarkdiquark spectrum for J P = 1/2 ± and 3/2 ± states of nucleon and ∆ type agrees with the one from the PDG [4] on a qualitative basis; once well-understood deficiencies in the rainbow-ladder framework are remedied, the resulting spectrum is even in very good quantitative agreement with experiment. In particular, we could reproduce the masses of all experimental states below 2 GeV at the 3% level, including the correct level ordering between the Roper and the parity partner of the nucleon. This agreement is highly non-trivial and relies on intricate and channel-dependent cancellations between the effects of different diquarks, which are nevertheless fully controlled by one parameter only. It thus appears that the quark-diquark picture of baryons (with fully momentumdependent diquarks) works very efficiently at least for the states considered in this work. It will be interesting to see whether a similar agreement is possible for the decay widths; a first study of g N ∆π discussed in Ref. [77] indeed points in such a direction.
In general, we did not find any arguments from the spectrum calculated so far that could distinguish between a three-body or a realistic, momentum-dependent quarkdiquark picture of baryons. It remains to be seen whether this is still the case in an extended calculation beyond the channels presented here and for higher excitations. Note, however, that subleading components of electromagnetic form factors may indeed be able to discriminate between the two [27] .
A special case of further interest is still the Roper. Within our framework we find that it is well represented as the first radial excitation of the nucleon with a mass close to experiment. This may indicate that potential quantitative corrections stemming from beyond rainbowladder contributions can either be absorbed in the scale setting, or that they are small and only marginally affect the real part of the mass. In order to shed light on this question we also determined the mass evolution of the Roper with varying current-quark mass or, correspondingly, varying pion mass up to the region where dynamical coupled-channel effects should no longer play a role. Unfortunately, the comparison of the mass evolution with lattice data remains inconclusive due to the spread in the available lattice results from different groups. The good agreement with the results of χQCD may (or may not) be accidental and this issue needs to be explored further in the future.
In the following we provide details on the eigenvalue spectra extracted from the quark-diquark calculation. Bethe-Salpeter equations such as the quark-diquark BSE in Eq. (5) are homogeneous eigenvalue equations: K G 0 Γ = λ Γ, where G 0 abbreviates the combination of quark and diquark propagators and we introduced an artificial eigenvalue λ(P 2 ). Since P 2 = −M 2 is an external parameter, the eigenvalue spectrum λ i (P 2 ) of the kernel K G 0 allows one to read off the masses M i of the ground and excited states from the intersections Fig. 7 we plot the resulting (inverse) eigenvalue spectra 1/λ i as functions of M for the eight baryon channels we investigated. The parameter c controls the interaction strength in the pseudoscalar and vector diquark channels. The left columns show the results with all diquarks included (c = 1) and the right columns with scalar and axialvector diquarks only (c = 0). The spectra for c = 0.35 cannot be calculated directly because the first complex conjugate pole pair in the quark propagator defines a parabola mass limit m P ∼ 0.55 GeV, where meson and diquark masses above 2m P can only be extrapolated (unless we performed residue calculus); cf. the discussion around Figs. 3.8-3.9 in Ref. [27] . This happens for c 0.75; below that value the pseudoscalar and vector diquark masses exceed the contour limit 2m P . We find, however, that the masses are approximately linear in c which allows us to perform linear interpolations for the baryon masses between the cases c = 1 and c = 0.
Although the QR algorithm returns all eigenvalues, only the first ten or so are stable within our numerical accuracy whereas the remaining ones require increasing resolution. The quark-diquark equation defines another contour limit, namely the sum of the quark parabola mass m P and the lowest diquark mass in the system: m P + m sc ≈ 1.35 GeV for the nucleons with isospin I = 1 /2 and m P + m av ≈ 1.55 GeV for the ∆ baryons with I = 3 /2. Baryon masses above those limits are extrapolated as shown in Fig. 7 . The dots are the calculated eigenvalue spectra and for their extrapolation to λ i = 1 we used polynomial fits with 80% confidence bands.
The results in Fig. 7 lead us to the following observations. The case c = 1 with all diquarks included generally produces rather dense eigenvalue spectra, leading to the masses in Fig. 3 which are typically too low compared to experiment. By comparison, the eigenvalues for c = 0 are rather sparse and produce states that are too high. From the directly calculable cases between c = 1 . . . 0.75 we find that the eigenvalue curves gradually expand when lowering c, resulting in just a few eigenvalues at c = 0 that are relevant for states below 2 GeV. The eigenvalues shown for c = 0 typically exhaust the depicted plot range whereas for c = 1 there would be further higher-lying curves which we do not show because they extrapolate to masses above 2 GeV.
In all channels we obtain both real and complex conjugate eigenvalues, although the imaginary parts are small and shrink with the numerical accuracy so their complex nature is presumably just a numerical artifact. What occasionally happens, however, is that complex conjugate eigenvalues can branch into two real ones, as is visible in the N ( The parity partner of the nucleon is an interesting case also for another reason: for c = 1 the largest eigenvalue (or smallest inverse eigenvalue) produces a state at ∼ 1.2 GeV, whereas the same eigenvalue for c = 0 extrapolates to 2 GeV. The intercept at c = 0.35 generates two nearby states which are also seen experimentally; our analysis suggests that it is actually the second state at c = 1 that should be identified with the N (1535). In all other cases the sensitivity to the pseudoscalar and vector diquarks is less severe. Observe in particular that the nucleon and ∆ themselves, together with their first excitations including the Roper resonance, are almost insensitive to the pseudoscalar and vector diquark content.
The results shown here (and the corresponding Figs. 3 and 5) correspond to the value η = 1.7 in the effective interaction (8) . We repeated the analysis for different values up to η = 2.0 but the eigenvalue curves do not materially change (although the diquark masses vary considerably in this range, cf. Fig. 4 ) and the resulting baryon spectra remain similar. Notable exceptions are the nucleon and ∆ excitations in the first row of Fig. 7 , where the Roper resonance and ∆(1600) move within the range in Eq. (10) . Furthermore, those eigenvalues that split into two branches are found in all cases although the branching may set in at different values for M (or even in the reverse direction), which also helps us identify and connect them between the limits c = 1 and c = 0.
Finally, we also calculated the eigenvalue spectra for larger pion masses but also here we did not find any qualitative changes: the states evolve similarly to those in Fig. 6 with the current-quark mass, and the level ordering between the 'Roper' and 'N (1535)' remains intact.
